fundamental theorem of algebra example

Fundamental Theorem of Algebra Example: The fundamental theorem of algebra is
a cornerstone of complex analysis and polynomial theory, establishing that
every non-constant polynomial equation has at least one complex root. This
theorem lays the groundwork for much of modern mathematics and offers deep
insights into the nature of polynomial equations. In this article, we will
explore the theorem's implications, provide examples, and demonstrate its
applications.

Understanding the Fundamental Theorem of
Algebra

The fundamental theorem of algebra states that:

1. Every non-constant polynomial function \( P(x) \) of degree \( n \) has
exactly \( n \) roots in the complex number system, counting multiplicities.
2. These roots can be real or complex numbers.

This theorem can be expressed mathematically as:
\[ P(x) = anx™n + a {n-1} x*{n-1} + \ldots + a 1 x + a 0 \]

where \( a n \neq 0 \) and \( a n, a {n-1}, \ldots, a 0 \) are complex
coefficients.

The Importance of the Theorem

The importance of the fundamental theorem of algebra is multifaceted:

- Completeness of the Complex Numbers: The theorem asserts that complex
numbers are algebraically closed, meaning every polynomial equation can be
solved within this number system.

- Roots and Their Behavior: The roots of polynomials can provide valuable
information about polynomial functions, including their behavior and graph
shape.

- Applications in Various Fields: It has implications in engineering,
physics, and other sciences where polynomial functions are used to model
phenomena.

Example of the Fundamental Theorem of Algebra

Let’s consider a simple polynomial equation to illustrate the fundamental



theorem of algebra. We will analyze the polynomial function:

\[ P(x) = x*3 - 6x™2 + 11x - 6 \]

Step 1: Determine the Degree of the Polynomial

The degree of polynomial \( P(x) \) is 3, which means, according to the
fundamental theorem of algebra, that there are 3 roots for this polynomial,
accounting for multiplicities.

Step 2: Finding the Roots

To find the roots of the polynomial, we can use various methods such as
factoring, synthetic division, or the Rational Root Theorem.

Factoring the Polynomial:

1. Guess and Check: We can start by checking for possible rational roots
using the Rational Root Theorem, which states that any possible rational root
\( p/g \) (where \( p \) is a factor of the constant term and \( q \) is a
factor of the leading coefficient) must be among the factors of -6 (the
constant term).

The factors of -6 are:
- \( \pm 1
\( \pm 2
\( \pm 3
\( \pm 6

)
)

\
\)
\
\

2. Testing Roots:

- Testing \( x =1 \):

\ [

P(1) = 173 - 6 \cdot 1”2 + 11 \cdot 1 - 6=1-6+11 - 6 =0
\1]

Thus, \( x =1 \) 1is a root.

3. Polynomial Division: Now that we have one root, we can factor \( P(x) \)
using synthetic division by \( x - 1 \).

Performing synthetic division, we get:
\ [

\begin{array}{r|rrrr}

1&16& -6 & 11 & -6 \\

&& 1 & -5 & 6 \\

\hline

&1 & -58&6 & 0 \\

\end{array}



\1
The quotient is \( x®2 - 5x + 6 \).

4. Factoring the Quadratic: We can further factor \( x®2 - 5x + 6 \) as:
\ [

(x - 2)(x - 3)

\1]

5. Complete Factorization: Thus, we can express \( P(x) \) as:
\ [

P(x) = (x - 1)(x - 2)(x - 3)

\1]

Step 3: Identifying All Roots

From the factorization, we can identify the roots of the polynomial:
-\(x=1\)

-\( x =2\)
-\( x=31\)

Since these roots are all real numbers, we observe that:

- The polynomial \( P(x) \) has exactly three roots, aligning with the degree
of the polynomial.
- Each root appears with a multiplicity of one.

Graphical Representation

To visualize the roots, we can plot the polynomial function \( P(x) \). The
graph of a cubic polynomial will typically cross the x-axis at the roots,
confirming their existence.

- The x-intercepts of the graph correspond to the roots \( x =1 \), \( x =2
\), and \( x = 3 \).

- The graph will also exhibit the typical behavior of a cubic polynomial,
tending towards infinity as \( x \) approaches positive or negative infinity.

Further Implications of the Theorem

The fundamental theorem of algebra not only helps in finding roots but also
assists in understanding the behavior of polynomial functions. Here are some
further implications:

- Multiplicity of Roots: If a polynomial has a root of multiplicity \( m \),



it means the graph will touch the x-axis and not cross it at that root. For
instance, if \( P(x) = (x - 1)72(x - 2) \), then \( x =1 \) is a double
root, causing the graph to touch the x-axis at that point.

- Complex Roots: If a polynomial has real coefficients, any complex roots
will occur in conjugate pairs. For example, if \( P(x) = x*2 + 1 \) has roots
\( 1\) and \( -1 \), it confirms the theorem's assertion about complex
roots.

- Applications in Calculus: The fundamental theorem of algebra is crucial in
calculus for determining critical points and understanding the behavior of
functions.

Conclusion

The fundamental theorem of algebra is a powerful tool in mathematics,
providing essential insights into polynomial equations and their roots.
Through the example of the polynomial \( P(x) = x*3 - 6x™2 + 11x - 6 \), we
demonstrated how to find roots and understand their implications. This
theorem not only enhances our understanding of polynomial functions but also
serves as a foundation for various applications across different fields of
science and engineering.

Frequently Asked Questions

What is the fundamental theorem of algebra?

The fundamental theorem of algebra states that every non-constant polynomial
equation of degree n has exactly n roots in the complex number system,
counting multiplicities.

Can you provide an example of a polynomial that
illustrates the fundamental theorem of algebra?

Sure! Consider the polynomial P(x) = x*3 - 6x™2 + 1llx - 6. This is a cubic
polynomial (degree 3) and according to the theorem, it has 3 roots.

How do you find the roots of the polynomial P(x) =
Xx*3 - 6x™2 + 1llx - 67

To find the roots, you can use factoring. P(x) factors into (x - 1)(x - 2)(x
- 3). Thus, the roots are x =1, x = 2, and x = 3.

What does it mean for roots to be counted with



multiplicity?

Counting roots with multiplicity means that if a root occurs multiple times
in a polynomial, it is counted as many times as it appears. For example, in
P(x) = (x - 2)72(x - 3), the root x = 2 has a multiplicity of 2.

Does the fundamental theorem of algebra apply to
polynomials with complex coefficients?

Yes, the fundamental theorem of algebra applies to polynomials with complex
coefficients as well. Every non-constant polynomial will still have n roots
in the complex plane.

What is an example of a polynomial with complex
roots?

An example is the polynomial P(x) = x*2 + 1. This polynomial has no real
roots, but it has two complex roots: x = 1 and x = -1i.

Can the fundamental theorem of algebra be used to
prove other properties of polynomials?

Yes, it can be used to prove properties such as the existence of roots for
any polynomial equation, and it lays the foundation for further study in
complex analysis and algebra.

How does the fundamental theorem of algebra relate
to the concept of polynomial degree?

The degree of a polynomial directly influences the number of roots it has.

The fundamental theorem states that a polynomial of degree n has exactly n

roots in the complex numbers, verifying the relationship between degree and
roots.
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