
inverse trigonometric functions problems with

solutions

inverse trigonometric functions problems with solutions are a cornerstone of calculus and advanced

trigonometry, often posing challenges for students seeking a deeper understanding. These functions,

also known as arc functions, represent the inverse relationship to the standard trigonometric ratios.

Mastering inverse trigonometric functions problems with solutions requires a solid grasp of their

definitions, domains, ranges, and fundamental properties. This comprehensive guide aims to demystify

these concepts, providing detailed explanations and step-by-step solutions to common problems. We

will explore various types of inverse trigonometric function problems, including evaluating expressions,

solving equations, and understanding their graphical representations. Whether you are a student

preparing for exams or an educator looking for resources, this article offers a thorough exploration of

inverse trigonometric functions problems with solutions to enhance your mathematical proficiency.
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Understanding Inverse Trigonometric Functions

Inverse trigonometric functions are essential tools for reversing the action of trigonometric functions.

Just as subtraction is the inverse of addition, and division is the inverse of multiplication, inverse



trigonometric functions allow us to find the angle when the trigonometric ratio is known. For instance, if

we know that the sine of an angle is 0.5, the arcsine (or inverse sine) function will tell us what that

angle is. It's crucial to remember that trigonometric functions are periodic, meaning they repeat their

values over intervals. To define their inverses properly, we must restrict their domains to ensure they

are one-to-one, thereby guaranteeing a unique output for each input. This restriction is fundamental to

understanding inverse trigonometric functions problems with solutions.

The process of finding an inverse function involves swapping the input (x) and output (y) values and

then solving for y. However, due to the periodic nature of trigonometric functions, this straightforward

inversion isn't always sufficient. For example, $\sin(x) = 0.5$ has infinitely many solutions for x. To

define $\arcsin(x)$, we restrict the domain of $\sin(x)$ to $[-\pi/2, \pi/2]$, so $\arcsin(0.5) = \pi/6$. This

principal value is what is typically sought when evaluating expressions involving inverse trigonometric

functions. Understanding these domain restrictions is paramount for correctly solving all inverse

trigonometric functions problems with solutions.

Key Inverse Trigonometric Functions and Their Properties

There are six primary inverse trigonometric functions, each corresponding to one of the six standard

trigonometric functions. The most commonly encountered are arcsine (sin⁻¹), arccosine (cos⁻¹), and

arctangent (tan⁻¹). Each of these functions has a specific domain and range, which are critical for their

proper application and for solving inverse trigonometric functions problems with solutions.

Arcsine (sin⁻¹)

The arcsine function, denoted as $\arcsin(x)$ or $\sin^{-1}(x)$, gives the angle whose sine is x. Its

domain is the interval $[-1, 1]$, as the sine of any real angle must lie within this range. The principal

range of the arcsine function is restricted to $[-\pi/2, \pi/2]$ (or $[-90^\circ, 90^\circ]$). This ensures that

for every value in its domain, there is a unique angle. When solving inverse trigonometric functions



problems with solutions involving arcsine, always refer to this principal range.

Arccosine (cos⁻¹)

The arccosine function, denoted as $\arccos(x)$ or $\cos^{-1}(x)$, gives the angle whose cosine is x.

Similar to arcsine, its domain is $[-1, 1]$. However, its principal range is restricted to $[0, \pi]$ (or

$[0^\circ, 180^\circ]$). This broader range compared to arcsine is necessary to cover all possible

cosine values uniquely. Problems involving arccosine require careful consideration of this $[0, \pi]$

interval for accurate solutions.

Arctangent (tan⁻¹)

The arctangent function, denoted as $\arctan(x)$ or $\tan^{-1}(x)$, gives the angle whose tangent is x.

The domain of the arctangent function is all real numbers, $(-\infty, \infty)$, because the tangent

function can take on any real value. The principal range of the arctangent function is $(-\pi/2, \pi/2)$ (or

$(-90^\circ, 90^\circ)$). The open intervals indicate that the values $-\pi/2$ and $\pi/2$ are not included

in the range, as the tangent function approaches these values asymptotically.

Beyond these three, there are also arcsecant (sec⁻¹), arccosecant (csc⁻¹), and arccotangent (cot⁻¹).

However, they are less commonly used in introductory contexts. Their domains and ranges can be

derived from the properties of secant, cosecant, and cotangent, respectively, often by utilizing

trigonometric identities. For most standard inverse trigonometric functions problems with solutions,

focusing on arcsine, arccosine, and arctangent will suffice.

Solving Inverse Trigonometric Function Problems: Evaluation



Evaluating expressions involving inverse trigonometric functions often requires recalling the unit circle

and the principal ranges of these functions. The core idea is to find an angle $\theta$ such that the

original trigonometric function applied to $\theta$ equals the given value, with $\theta$ falling within the

appropriate restricted domain. This is a fundamental skill for tackling inverse trigonometric functions

problems with solutions.

Evaluating Simple Expressions

Consider an expression like $\arcsin(1/2)$. We are looking for an angle $\theta$ such that $\sin(\theta)

= 1/2$ and $-\pi/2 \le \theta \le \pi/2$. From our knowledge of special angles, we know that $\sin(\pi/6)

= 1/2$. Since $\pi/6$ falls within the range $[-\pi/2, \pi/2]$, $\arcsin(1/2) = \pi/6$. Similarly, for

$\arccos(-1)$, we seek $\theta$ such that $\cos(\theta) = -1$ and $0 \le \theta \le \pi$. The angle that

satisfies this is $\pi$, so $\arccos(-1) = \pi$. For $\arctan(-1)$, we need $\theta$ such that $\tan(\theta)

= -1$ and $-\pi/2 < \theta < \pi/2$. This angle is $-\pi/4$, hence $\arctan(-1) = -\pi/4$. These basic

evaluations form the building blocks for more complex inverse trigonometric functions problems with

solutions.

Evaluating Composite Expressions

More challenging problems involve composite functions, such as $\sin(\arccos(3/5))$. Here, we first

evaluate the inner function, $\arccos(3/5)$. Let $\theta = \arccos(3/5)$. This means $\cos(\theta) = 3/5$

and $0 \le \theta \le \pi$. Since $\cos(\theta)$ is positive, $\theta$ must be in the first quadrant ($0 \le

\theta \le \pi/2$). We can then construct a right-angled triangle where the adjacent side is 3 and the

hypotenuse is 5. Using the Pythagorean theorem, the opposite side is $\sqrt{5^2 - 3^2} = \sqrt{25 - 9}

= \sqrt{16} = 4$. Now, we need to find $\sin(\theta)$. In this triangle, $\sin(\theta) =

\text{opposite}/\text{hypotenuse} = 4/5$. Therefore, $\sin(\arccos(3/5)) = 4/5$. This method of using a

reference triangle is extremely useful for solving a wide array of inverse trigonometric functions

problems with solutions.



Another example is $\tan(\arcsin(-4/5))$. Let $\theta = \arcsin(-4/5)$. This implies $\sin(\theta) = -4/5$

and $-\pi/2 \le \theta \le \pi/2$. Since $\sin(\theta)$ is negative, $\theta$ must be in the fourth quadrant

($-\pi/2 \le \theta < 0$). We can visualize this on the unit circle or a right-angled triangle where the

opposite side is 4 and the hypotenuse is 5. The adjacent side, calculated using the Pythagorean

theorem, would be 3. However, since $\theta$ is in the fourth quadrant, the x-coordinate (adjacent

side) is positive, and the y-coordinate (opposite side) is negative. So, we can think of the triangle with

sides 3, 4, 5. We need $\tan(\theta) = \text{opposite}/\text{adjacent} = -4/3$. Thus, $\tan(\arcsin(-4/5)) =

-4/3$. Mastering these composite evaluations is key to successfully handling inverse trigonometric

functions problems with solutions.

Solving Inverse Trigonometric Function Problems: Equations

Solving equations involving inverse trigonometric functions requires isolating the variable, typically an

angle, by applying the appropriate inverse trigonometric functions and manipulating the resulting

expressions. Careful attention to the domains and ranges of these functions is crucial to avoid

extraneous solutions.

Solving Basic Inverse Trigonometric Equations

Consider the equation $\arcsin(x) = \pi/3$. To solve for x, we apply the sine function to both sides:

$\sin(\arcsin(x)) = \sin(\pi/3)$. This simplifies to $x = \sin(\pi/3)$. We know that $\sin(\pi/3) = \sqrt{3}/2$.

Thus, $x = \sqrt{3}/2$. We must also verify that this solution is within the domain of $\arcsin(x)$, which

is $[-1, 1]$. Since $\sqrt{3}/2$ is indeed in this interval, it is a valid solution. This method is

fundamental for solving simple inverse trigonometric functions problems with solutions.

For an equation like $\arctan(2x) = \pi/4$, we apply the tangent function to both sides:

$\tan(\arctan(2x)) = \tan(\pi/4)$. This yields $2x = 1$. Dividing by 2, we get $x = 1/2$. The domain of

$\arctan(u)$ is all real numbers for $u$, so $2x$ can be any real number. Our solution $x=1/2$ is



valid.

Solving Equations with Multiple Inverse Trigonometric Functions

Equations involving sums or differences of inverse trigonometric functions can be more complex. For

instance, $\arcsin(x) + \arcsin(y) = \theta$. To solve such equations, we often use trigonometric

identities. One such identity is $\arcsin(x) + \arcsin(y) = \arcsin(x\sqrt{1-y^2} + y\sqrt{1-x^2})$ (under

certain conditions for x and y). Applying this identity, we might get an equation like $\arcsin(x\sqrt{1-

y^2} + y\sqrt{1-x^2}) = \theta$, which can then be solved by taking the sine of both sides.

Alternatively, we can rearrange the equation to isolate one inverse trigonometric function. For example,

given $\arcsin(x) + \arcsin(y) = \pi/2$. Rearranging, we get $\arcsin(x) = \pi/2 - \arcsin(y)$. We know

that $\pi/2 - \arcsin(y) = \arccos(y)$. So, $\arcsin(x) = \arccos(y)$. Let $\alpha = \arcsin(x)$ and $\beta

= \arccos(y)$. Then $\sin(\alpha) = x$ and $\cos(\beta) = y$. Since $\alpha = \beta$, we have

$\sin(\alpha) = \cos(\alpha)$. This implies $x = \cos(\alpha)$. Since $\alpha = \arcsin(x)$, we have

$\sin(\alpha) = x$. We know that $\cos(\alpha) = \sqrt{1-\sin^2(\alpha)}$ (for $\alpha$ in the first

quadrant, which $\arcsin(x)$ can be if $x>0$). So, $y = \sqrt{1-x^2}$. Squaring both sides, $y^2 = 1-

x^2$, which gives $x^2 + y^2 = 1$. This type of manipulation and use of identities is crucial for

advanced inverse trigonometric functions problems with solutions.

Advanced Inverse Trigonometric Function Problems

Advanced problems often combine multiple concepts, including identities, differentiation, and

integration of inverse trigonometric functions. These problems require a deep understanding of the

underlying principles and a strategic approach.



Using Trigonometric Identities

Identities such as $\arctan(x) + \arctan(y) = \arctan\left(\frac{x+y}{1-xy}\right)$ (for $xy < 1$) are

invaluable. For example, to solve $\arctan(2) + \arctan(3)$: using the identity, we get

$\arctan\left(\frac{2+3}{1-(2)(3)}\right) = \arctan\left(\frac{5}{1-6}\right) = \arctan\left(\frac{5}{-5}\right) =

\arctan(-1)$. Since $xy = 6 > 1$, we need to adjust for the quadrant. The correct identity for $xy > 1$

and $x, y > 0$ is $\arctan(x) + \arctan(y) = \pi + \arctan\left(\frac{x+y}{1-xy}\right)$. So, the result is $\pi

+ \arctan(-1) = \pi - \pi/4 = 3\pi/4$. Such careful application of identities is essential for complex inverse

trigonometric functions problems with solutions.

Differentiation and Integration

The derivatives of inverse trigonometric functions are standard results:

$\frac{d}{dx}(\arcsin(x)) = \frac{1}{\sqrt{1-x^2}}$ for $|x| < 1$

$\frac{d}{dx}(\arccos(x)) = -\frac{1}{\sqrt{1-x^2}}$ for $|x| < 1$

$\frac{d}{dx}(\arctan(x)) = \frac{1}{1+x^2}$ for all real x

These formulas are used in calculus problems. For instance, to find the derivative of $f(x) =

\arctan(x^2)$, we use the chain rule: $f'(x) = \frac{1}{1+(x^2)^2} \cdot (2x) = \frac{2x}{1+x^4}$.

Integration of inverse trigonometric functions often involves integration by parts. For example, to

integrate $\arctan(x)$: let $u = \arctan(x)$ and $dv = dx$. Then $du = \frac{1}{1+x^2}dx$ and $v = x$.

Using integration by parts formula $\int u \, dv = uv - \int v \, du$, we get $\int \arctan(x) \, dx =

x\arctan(x) - \int x \cdot \frac{1}{1+x^2} \, dx$. The integral $\int \frac{x}{1+x^2} \, dx$ can be solved

using a substitution $w = 1+x^2$, $dw = 2x \, dx$. So, $\int \frac{x}{1+x^2} \, dx = \frac{1}{2}\int

\frac{1}{w} \, dw = \frac{1}{2}\ln|w| = \frac{1}{2}\ln(1+x^2)$. Therefore, $\int \arctan(x) \, dx = x\arctan(x)



- \frac{1}{2}\ln(1+x^2) + C$. These calculus applications are common in advanced inverse trigonometric

functions problems with solutions.

Applications of Inverse Trigonometric Functions

Inverse trigonometric functions are not merely abstract mathematical constructs; they have practical

applications in various fields. Their ability to determine angles from ratios makes them indispensable in

geometry, physics, engineering, and computer graphics.

Geometry and Trigonometry

In geometry, inverse trigonometric functions are used to find angles of triangles when side lengths are

known. For example, if we have a right-angled triangle with an adjacent side of length 5 and a

hypotenuse of length 10, we can find the angle adjacent to the given side using the arccosine function:

$\theta = \arccos(5/10) = \arccos(1/2) = \pi/3$ or $60^\circ$. Similarly, for problems involving bearings,

navigation, and surveying, these functions are essential for calculating angles and positions.

Physics and Engineering

In physics, inverse trigonometric functions appear in problems related to projectile motion, wave

mechanics, and signal processing. For instance, determining the angle of elevation required to hit a

target at a certain distance or calculating the phase angle in AC circuits often involves these functions.

Engineers utilize them in designing structures, analyzing forces, and developing control systems,

where precise angular measurements are critical.



Computer Graphics

Computer graphics heavily relies on inverse trigonometric functions for tasks such as calculating

rotation angles, determining the direction of light sources, and implementing camera perspectives. For

example, to find the angle between two vectors representing directions in 2D or 3D space, the dot

product formula can be rearranged to involve the arccosine function. This allows for realistic rendering

and animation in games and simulations.

Other Fields

Beyond these areas, inverse trigonometric functions also find applications in statistics (e.g., in certain

probability distributions), economics (modeling cyclical patterns), and even in biological sciences for

analyzing angular relationships in molecular structures or movement patterns.

Understanding the diverse applications of inverse trigonometric functions reinforces their importance

and provides context for the problems students encounter. The ability to solve inverse trigonometric

functions problems with solutions empowers individuals to tackle a wide range of real-world

challenges.

FAQ

Q: What is the principal value of $\arctan(1)$?

A: The principal value of $\arctan(1)$ is the angle $\theta$ such that $\tan(\theta) = 1$ and $-\pi/2 <

\theta < \pi/2$. This angle is $\pi/4$.



Q: How do you solve $\sin(\arccos(x))$?

A: Let $\theta = \arccos(x)$. Then $\cos(\theta) = x$, and $0 \le \theta \le \pi$. We can construct a

right-angled triangle with adjacent side $x$ and hypotenuse 1. The opposite side is $\sqrt{1^2 - x^2} =

\sqrt{1-x^2}$. Since $0 \le \theta \le \pi$, $\sin(\theta)$ is non-negative. Therefore, $\sin(\theta) =

\text{opposite}/\text{hypotenuse} = \sqrt{1-x^2}/1 = \sqrt{1-x^2}$. So, $\sin(\arccos(x)) = \sqrt{1-x^2}$.

Q: What is the domain and range of the $\arcsin(x)$ function?

A: The domain of $\arcsin(x)$ is $[-1, 1]$, and its principal range is $[-\pi/2, \pi/2]$.

Q: Can inverse trigonometric functions have multiple solutions?

A: Standard inverse trigonometric functions are defined with restricted ranges (principal values) to

ensure they are one-to-one functions. Therefore, for a given input, there is only one principal value

output. However, the original trigonometric equations (e.g., $\sin(x) = 0.5$) have infinitely many

solutions for $x$.

Q: How do you simplify $\arccos(x) + \arcsin(x)$?

A: Let $\alpha = \arccos(x)$ and $\beta = \arcsin(x)$. Then $\cos(\alpha) = x$ and $\sin(\beta) = x$.

We know that $\cos(\alpha) = \sin(\pi/2 - \alpha)$. So, we have $\sin(\beta) = \cos(\alpha) = \sin(\pi/2 -

\alpha)$. This implies $\beta = \pi/2 - \alpha$ (assuming principal values and appropriate ranges).

Therefore, $\alpha + \beta = \pi/2$. So, $\arccos(x) + \arcsin(x) = \pi/2$.

Q: What is the derivative of $\arctan(x)$?

A: The derivative of $\arctan(x)$ is $\frac{1}{1+x^2}$.



Q: How do you evaluate $\tan(\arcsin(-1/2))$?

A: Let $\theta = \arcsin(-1/2)$. This means $\sin(\theta) = -1/2$ and $-\pi/2 \le \theta \le \pi/2$. The

angle is $-\pi/6$. We need to find $\tan(-\pi/6)$. We know that $\tan(-\pi/6) = -1/\sqrt{3}$ or $-

\sqrt{3}/3$.

Q: Why are the domains of inverse trigonometric functions restricted?

A: The standard trigonometric functions are periodic, meaning they repeat their values. To define an

inverse function that maps uniquely from an output to an input, the domain of the original trigonometric

function must be restricted to an interval where it is one-to-one. This restriction ensures a single,

unique output for each valid input of the inverse function.
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